Statistics 5
Class Notes 5 &
ANOVA: Comparing Three or More Means (Section 13.1)

Are babies born more frequently on one day of the week than other days? Do different teaching
nethods (online versus traditional versus hybrid versus student-centered) produce meaningfully
diffegcq;_;ggqg@n an end-of-semester exam? Do various types of soil/compost produce different

“mean yields?
_’_‘_____.___._—.\u..,

Definition: ANOVA: Analysis of Variance (ANOVA) is an inferential method used to test the
equality of three or moré population means.

e .

e

T We will analyze three or more population means with the following null and alternative
hypotheses.
]\< 1 Ho: p1= 2= p3=... = jk
z‘ 1 _fi At least one P?P}ﬂ?f‘im{ mean is different from the others.
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~“The reason we use ANOVA when confronted with three or more means instead of comparing the
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means two at a time with earlier methods is that d_p_mghqpl_t__lple tests increases the probability

that at least one test incorrectly rejects the 1 _f}ull hypotheses (which is a type I error) often above

“our desired level of significance of o. (It also does not work to adjust the value of a for each
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test so that the overa probability of a type I error is where you want it, because this increases

\the chances _B?mahfg a type _II error (do not reject the null hypothesis when it is false).
0, yeah, don’t do that. -
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0Old, noWw-dead guy Ronald A. Fisher (1890 - 1962) gave us this method. What we do is compare
two estimatemame population variance, hence the name ANOVA! (ANOVA ANOVA axova)

'We are performing one-way ANOVA as there will be only one factor that distinguishes the
populations, such as teaching method or type of soil/compost. The data should come from a

“cmy randomized design or random samples with a quantitative response variable. %‘,
ARE—————— .

We could use ANOVA to test two population means but should not. The previous test for two

“means gives us more flexibility in the alternative hypothesis. Also, the ANOVA method assumes

population variances are equal. That specifically is not assumed when we use the Welch’s #-test

“as before for two population means. So, yeah, don’t do that. T
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equirements for One-way ANOVA Test:
7% r\} There are_k_simple random samples from each of k populations, or a completely
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ll (2°The samples are indepenc
(3. The populations are normally distributed.

/'"\ ; G The populations have the same variance, o” .
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More on those Requirements: €
The ANOVA method is robust. A small departure from normality is okay. If the population e
vanances are not the same that s okay too as !ong as the sample sizes are the same.
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ﬁ We will venfy a population’s normality W1th a
nonnal probabﬂlty pIot as seen earher o
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That Pesky Variance Req uirement:
Of course, if we had population data to verify that e
the variances were equal, we would nof be sampling and we would
need absolutely none of this, We cannot truly verify such a thing in real life. So, we will use this
k metric. If the largest sample standard deviation is no mor _g_gig_gﬂm twice the smallest sample
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standard deviation, we will consider this requlrement met W

o .

b TS

mathemat;cs department is experimenting with four different delivery methods for

1tent in their Algebra courses. One method is the traditional lecture (method 1), the second is a
hybnd format with half the class fime online and the other half face-to-face (method IT), the third
1s online (methg_cal_lug_) and the fourth isa modeI from whlch students watch video lectures and do
their work in a lab with an mstructor available for a551stance (method IV). To assess the
_effectiveness of the four methods students in each approach are given a ﬁnal exam vﬁ'ﬁl the

results shown in the aCCompanymg f = o o
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Students were randomly assigned to each section. So, . ‘3}? - X
the first two requirements are satisfied. Let’s check if vl ey Serss

the populations can be considered normal and and if the _ : =
_equal variance requirement is met To get started, fill RO T e wiedy B
out the following information T« ® @

[ 70 ] 7 59

@he response variable is ] Naum ¢ epre = = = :
73 58 /

and it is @f qualitative (circle one). : E - Qe____,/
@The factor is d (t\!‘@ﬁ*{ MMLLU and

has /_’E treatmerﬁs._"/
@hat are the null and alternative hypotheses?




- =~~. _ expl1 (continued):
O - d.) Here is a probability plot for
: ) the residuals (described more
thoroughly in the book). Compare :
.~ -.the correlation coefficient to them-a\\ =
- critical value for 7= 30, the '
combined sample size, which is

0.960,)Can we consider the
populations to be normal? Explain.
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/7 QQ Plot of Residuals ) @
;‘u Cormelation= 0.992
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Residuals i o o . We C,Ql'fc Coe'gf ;5 . @ - Qi_%

Normal Quantile _ g@; \"H/w—— M’_ﬂ_——

e table here shows the standard deviations for each - |- Method Standard

( j) =57 the four samples. Check if we can assume the . deviation
’ populations® variances are the same. Explain. - I 10.1105

he lacgat 2 is 48366 el
wiioh. 15 et jwere o :ifwice. \/IV _ 11.88%8 - |
W snalkst < (gu#s). Voo

ere are the boxplots for thé data. Does it ook Final Exam Score by
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“any mean is considerably different from the others? Method of Delivery
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Understanding the ANOVA Procedure:

Consider the data to the right (Table 2a) that represents

three treatments of a factor under study. The sample Table 2a
means for each are given at the bottom of the table. Are X1 X2 X3
the population means from whence they came equa 4 . 7 10
= ,,ipm 5 3 0
To learn more, look at a dot plot of the data which is 6 . 9 11
shown below. (The blue circles are x1, the red squares 6 T 11
are x, and the green diamonds are x3.) 4 9 13
=5 | =8 | %=1l
il T — ‘H\\ “
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Mean / l Mean | l Mean |
Xi @ Xz Xz

Notice how the data from each variable are clustered with its own v: values and not intermingled

along the real number line.
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We will speak of within-sample variability and between-sample variability. The variability of

each sample individually is within-sample vanablhty and the variability among sample means

1s between-sample variability. For the data above, the between sample varlablllty is mucE e

hlgher than the w1t1nn sample var1ab111ty
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Contrast that with this second set of data. The sample

means for each are given at the bottom of the table; Table 2b
no‘hce they ma match the previous data. Are the population » {g )2 V3
means from whence they came equal'? 14 7 3 (07 ol 6
Mwmﬁmu“ ey = 2 Il 3 ‘r 7
Let’s look at a dot plot of this data below. (The blue 73 15 12
circles are yi, the red squares are y», and the green 7 7 15
diamonds are y3.)” 0 | 5 A 15
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The F-distribution (no, that does not stﬁnd for what you think):

When testing a null hypothesis, as always, we assume it to be true. In other words, we assume
That the samples come from the same normal population with mean x_and variance o>

We will use the F-distribution (named for Ronald Fisher from before). It was coveredina
section we Skipped, but here it is in quick form (courtesy of the book). oo

Figure 15
Fedistributions

But how do we find these variabilities? To make a long story a bit shorter, the between-ﬁam_nlg
variability compares each sample mean with the overall mean. The within-sample variability
is a weighted average of the samples’ variances. _ e ' :

They are both estimates of the population yariance ¢?. We will find them and compare them in
-'-ﬂ—--__ —

the ratio that is the F-test statistic. %
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We call the wme mean square due to treatmenﬂ (MS”I) It is
> (5 -%)

calculated| MST = =L = Here, £ is the number of treatments.
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We call the within- sarnple variability the mean | square due to error (MSE). It is calculated

———

ff ; i (n-1)s;

| MSE =+=———— Here, n is the total sample size (sum of all 7).
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Agam both the MST and MSE are considered estimates of the population variance 02
The MSE is an unbiased estimator of o®> whether the null hypotheszs of equal n means is true ue or

. noz‘ However, the MST 1@1‘1 unbiased estimator of 02 zf the null hypéfhes:s is true.
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(our F-test statlsthg\should be close to

Hence, if the null hypothesis is true, then*’the ratio  MST

one. If the null hypothesis is false, then at Ieast one of the samplé means would be far away - from

‘the overall mean causing the MST to overestxmate the value of o2 This would result inalarge ~
F test statistic. s s re |

Y,

&

Retummg to the data on n page 4, » the overall mean (¥) is 8 for both sets 24 and 2b. The MST for
both sets is the same at45. Do you see why these would

me at 45. Do you see wh gl Youre CWPQWE) S, & and ||

However, the MSE for data set 2a (which we see each sample clustered on the dot plot) was Mt{_ ft {)?gﬁ

1.1667. Dividing, we get an F-test stanstlc:”i;"f §§\57 57
m

In contrast, the 1e MSE for data set 2b (w]uch we see each sample spread out on the dot plot) was r(/p“\/ }

N ()Méw?f“ ¢

24 1667 D1v1d1ng, we get an F-test statistic of 1 .86.




Computing the F-test Statistic by Hand:

We will 7207 do this. Instructions are given in fthe book if you want to give it a shot. It involves
ﬁndmg all of the parts of MST and MSE and pluggin’ and chuggin’. We will leave that work to
our future overlords, the computers. L e
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ANOVA (Classmal Method): e
As before, we would compute the F-test statistic and compare it to a critical value gotten from

technolog or a look-up,table (Table IX in book) However, we Wl]l not be practicing this

method.

L) - . . = a

OVA (P-value Metho d): :
As before, technology will provide us with a P-value. We will compare this to the level of

significance, a. If the P-value is I€ss than_g..then we reject the null hypothesis.
.'_‘____._.—-—-' e -

" e
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ANOVA Tables: _
Technology will provide us a handy table with all we need.. . ' -
f_______.—“ . ) I B

Instructions for StatCrunch:

(There are instructions for the TI calculators in the _

1. Enter mWG or treatmentin a separato column, Label the columns As an
alternative, you can put all values in one column and then use a second column for indicator

variables for each sample.

2. Select Stat > ANOVA > One Way. ]
ottt ‘ -
3. If you used multiple columns for each sample, choose to Compare: Selected columns Ifyou

umway to enter data, you select Values in a single column. In either case, tell it
which columns contain the data. (Under Optlons, you will see a Tukey test. We will investigate
that in the next section.) Under Graphs, select QQ Plot of res1duals with corr.. Click
Compute!. (Screaming “Compute!” is optional at this time.)




t’s investigate the methods used to teach math class in example 1. éf\.«‘ .

Recall: A mathematics department is experimenting with four different delivery methods for

content in their Algebra courses. One method is the traditional lecture (method I), the second is a
hybrid format with half the class time online and the other half face-to-face (method II), the third
is online (method III), and the fourth is a model from which students watch video lectures and. do_

their work in a lab with an mstructor available for assistance (rnethod IV). To assess the

e TS

effectiveness of the four methods, students in each approach are given a final exam with the
results shown in the accompanying table.

Students were randomly assigned to each section./ e

= Final Exam Scores
Here are the final exam scores for students in the , — :
four different sections. Their means are, | Method! Method I Method I Hetnoarv . 752
respectively from Method 1 to IV, 77, 65.9, 72.2, B
and 77.8. Can we conclude these samples come _ e 8 74 8
from populations with the same mean? In other s = & =
words, does the teaching method make no ;T 41 76 69
difference on exam scores? |- :w =

64

We will analyze the ANOVA table given in : = - =S |
StatCrunch. The output is below. . P

o =0. 05

our
5“‘2 lgye ) Write a full
1 'onclusmn.

conclusion at t}

: Analysis ol‘_\r‘ariance results: sefitence exiil_aum
' Data stored in separate columns.

' Column statisties 'ﬂi‘f P, M&éﬂ é;?? D ftg gf'

Column $ n4 DMeans Std Dev &1 Std Ermr¢

Meﬂmdl . 10" o 77) muosm 319?’»21 '_ /
g Method 1l 8 65875 ) 1483661 52455335 5 ML{C,A é,j QW L—)é Lt

| Mcthodﬂl 6 72 16666? 84?15’09 34584839E
| Meth.od IV 6 ?’f‘ 83333

_ 1!889‘.-"?0 _ 43539789 i NS / AL @( o, & ﬁ"‘

S’ai, e %5 /3@7[ ffj et Ye
nald / h’;/f“’?r (oacs. Ule contbde

va @50 A /Lﬂf*é‘

%;{ @d’ 201 a;m . v Sy 7
/f%ﬁfﬁj ;/i_; ,}_*Z;f’j @W Jg i Vau SCo€L MW ) &

I\v{S F—Stat P-Value !

| Colu.m.ns 3; ".-‘08 823
| Emor 26 3526 5417 135, sssvz
C Toml 29 4235, 3667
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™% _ _l“fi)ced’-’ some of the lower scores for =Y :
- “Method I students. My adulterated dafa is to the 79
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right here. Let’s anal ¢ ANOVA fable now to 78': ® «,
see if we can say that the populatlon means are i 5 79 =
Iﬂ—cely different. ’ _ / 3 85 62 67

; a1 ;

Below is the StatCrunch gutput, Locate the P- \
value and make your conclusion at the 5% level.

¥ Anglysis of Variance results:
| Data stored in separate columns.

T AR Sy

8 Column

} Colunm n# Mean + lStﬂ Dev. & ; Std. Error &

| IMethodT 10, 805 61508807 19450793

Y Methodll 8  65.875| 1483661 52455338 :
| IMethod TH 6 72.166667| 8.4715200: 34584839 ;
| |Method IV 6 77.833333| 11.889772  4.8539789

| ANOVAtable

Source DF 88 ¢ Ms

; _E-Stat yﬁ; &
i P S .
Columns: 3| 10541583 35138611 | 3.1000712 -0.044

R e R I T e

More Evidence: Boxplots:

We will use side-by-side boxplots.

- o [Bmor . 26|20470417 | 113 34776 /m | ‘w
0‘,. 1Tt P20, 40012

I Method IV

Below are ones I drew in StatCrunéﬁf.@

StatCrunch Instructions:

1. Select Graph > Boxplot.

| 2: Sélect columns (all of ther
can tell it to Draw boxes horizontally. Under Markers,

'._. \\ you can tell it to show the Means. They show up as green

|_vertical segments.

3. Leave all other optlons alone and click Compute‘

. Under Other options, you




